Introduction
Geosynchronous Synthetic Aperture Radar (GEO SAR) runs in an inclined geosynchronous orbit with the altitude of about 36 000 km, and thus has advantages of wider swath and short repetition cycle [1] [2] [3] . Generally, the operating frequency of GEO SAR is assumed to be within the low-frequency band, e.g., the L-band [2] or S-band [3] , which implies that the ionospheric propagation effect can be significant and should be properly studied [4] , [5] . The ionosphere is a particular medium with complicated temporal and spatial distributions. A key parameter of the ionosphere is the total electron content (TEC), which is defined as the column density of free electrons. The unit of TEC is 1×10 16 electrons/m 2 .
Generally, in terms of spatial distributions, the ionospheric TEC distributions can be categorized into three classes: large-scale, medium-scale and small-scale distributions [6] . Large-scale TEC distributions generally refer to macroscopic scales much larger than the SAR image size. The main error caused by large-scale TEC distributions is a dispersive phase advance. The resulting imaging distortion appears at the range direction, including displacement and defocusing [7] . Medium-scale inhomogeneities refer to the TEC slope, with a spatial scale of several kilometers. The resultant gradient phase error across the azimuth chirp will cause the target displacement. Small-scale disturbances are commonly known as the ionospheric irregularities, which result in scintillation effects. Due to space limitations, this paper refers only to the background ionosphere, which involves the large-scale and medium-scale TEC distributions.
In addition to spatial distributions, the considerable temporal distribution of the background ionosphere exists. In fact, since the integration time of GEO SAR is ultralong, i.e., up to one thousand seconds, the temporal distribution of the background ionosphere has attracted great attentions. Generally speaking, it means that the TEC value varies substantially with different seasons and solar activities. However, for SAR imaging, the concerning issue is the TEC variation during the integration time. It has been indicated that the presence of correlated Gaussian noise was employed to characterize the ionospheric temporaldecorrelation in GEO SAR system [8] . Polynomial approximation was applied to analyze the effect of temporal variations of the background ionosphere [9] [10] [11] [12] . Based on this method, an in-depth analysis of the temporal variation of the background ionosphere on GEO SAR imaging was conducted [13] . This paper focuses on the background ionospheric phase advance, which can be modelled as a function of slant total electron content (STEC). STEC is defined as the integral result of the density of free electrons along the signal traversing path. This implies that the variation of the signal traversing path should also be taken into account, besides temporal and spatial distributions of the background ionospheric TEC. Therefore, the analysis should be based upon an accurate signal model considering all of these factors.
The aim of this paper is to establish theoretical model and present a comprehensive analysis of the background ionospheric effects on GEO SAR imaging. In Sec. 2, an accurate signal model of GEO SAR imaging influenced by the background ionosphere is developed. Then, the background ionospheric effect on GEO SAR imaging is grouped into two aspects: the effect of the range-imaging and the effect of the azimuth-imaging, which are discussed in Sec. 3 and 4, respectively. Finally, a signal-level simulation is performed to validate the theoretical derivation in Sec. 5.
The Signal Model of GEO SAR Influenced by the Background Ionosphere
Compared with the Low Earth Orbit SAR (LEO SAR), GEO SAR runs much higher and is relatively slow. Thereby, it is characterized by long aperture time, large coverage and short repeat time. Usually, the nadir point track of GEO SAR is shaped as "8". As listed in Tab. 1, a group of orbital parameters of GEO SAR is applied in the following simulation. The signal model of GEO SAR can be expressed as:
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where is the azimuth instant, f r is the range frequency, f c is the center frequency, c is the velocity of light, K r is the range frequency modulation ratio, W() signifies the envelope, and R() is the distance history. Although the same expression can be obtained for GEO SAR, the difference from LEO SAR is mainly embodied in the distance history. In light of the very long integration time and the curved trajectory, the equivalent model of the linear trajectory for traditional LEO SAR cannot satisfy the case of GEO SAR any longer [14] . Thus, the n-order Taylor expansion can be applied in the distance history of GEO SAR, which can be written as
where R 0 is the center distance and p 1 -p n are the first to nth order coefficients. Moreover, n is determined according to the precision and efficiency of imaging. A fourth-order model will be applied in the following derivations, which is generally consistent with most conditions [14] , [15] .
When GEO SAR signals traverse the ionosphere twice, the phase error will be introduced as where f is the signal frequency, K is a constant approximately equal to 40.28 and STEC denotes the slant total electron content along the line of sight.
Assuming that the ionosphere is considered to be a thin layer with an altitude of H iono [6] , Figure 1 illustrates the geometric configuration between GEO SAR and the background ionosphere. In Fig. 1 , H radar is the altitude of GEO SAR, and C is the ionospheric penetration point (IPP) at the azimuth instant. X iono is the length of the system's synthetic aperture at the height of the ionosphere, which denotes the length of the ionospheric penetration trajectory (IPT) generated by the scan of IPP during the integration time. It is generally accepted that the electron density of the ionosphere reaches a maximum at an altitude of approximately 250 km-400 km. Above this height, the electron density quickly declines, and the ionospheric effect can be neglected. Therefore, we assume that the mean height of the thin ionosphere layer is 400 km [6] . Based on (1) and (3), the signal of GEO SAR influenced by the background ionosphere can be written as
where TEC(x, y; ) is the vertical TEC, which temporally and spatially varies with the IPP location and the azimuth instant, and () is the scaling factor, presenting the ratio between the slant and the vertical propagation paths. Moreover, the scaling factor can be expressed as
where R CP () is the distance from the IPP to the target, which varies with the azimuth instant. It can be observed from (5) that the variation of STEC can be attributed to three factors: temporal variations, spatial inhomogeneities of TEC distributions, and varying propagation paths. Without the loss of generalities, these effects on the azimuthimaging along with the range-imaging will be analyzed separately in the following sections.
Background Ionospheric Effects on GEO SAR Range-imaging
In this section, all variable factors can be assumed to be constant. Generally, STEC 0 can be obtained at the central point of the azimuth instant and IPT, which is denoted as large-scale distributions. Then, the dispersion phase error can be written as
The constant  0 has no influence on the image performance, and thus can be neglected. The residual component  n causes spurious sidelobes in the range impulse response function. Its value is generally considered to be much smaller than the former three components, and the effect can be safely neglected, as well. Thus, the analysis emphasis should be put on the first-order term and the second-order term.
 The first-order component: The range shift can be introduced as
 The second-order component:
The maximum values of the range quadratic phase error (QPE) can be expressed as
where B r is the range bandwidth. It is necessary to consider the range-imaging defocusing when QPE rmax is greater than /4.
Background Ionospheric Effects on GEO SAR Azimuth-imaging
Based on the fourth-order model of the distance history, the azimuth signal model of GEO SAR in time domain can be written as:
where w a () is the azimuth envelope. Then, the stationary phase solution corresponding to the azimuth frequency f η can be given by 
Substituting (11) into (10), the azimuth signal model in the frequency domain can be expressed as
where W a (f  ) is the spectrum of the azimuth envelope and  a is the azimuth compression phase. It is certain that the coupling between the azimuth and range frequency will introduce the range cell migration term (RCM), and the secondary range compression term (SRC). However, their value variations introduced by the ionosphere are much smaller than the variation of the azimuth compression term introduced by the ionosphere, which can be neglected when analyzing the background ionospheric effects [13] . Additionally, we can reasonably neglect the range frequency [9] . Furthermore, in an attempt to facilitate the analysis of the background ionospheric effect on GEO SAR azimuth-imaging, Taylor expansion versus the azimuth frequency should be performed. Therefore, the azimuth compression phase can be written as 1   2   3   3  2  2  1  3  2 4  1  3  1  3  5  2  2  2   2  2  1  3  2 4  1 3  3  5  c 2  c 2  c 2   2  2  2  1  3  2 4  3   ac   2   2  3  2  5  c  2  c  2   9  4  3  4  8   27  12  3  4  8  3 2   9  4 16 32 
where P n , n = 1, 2, 3, 4 are the coefficients of the azimuth phase versus the azimuth frequency. On account of (4), (12) and (14), the azimuth signal model in the frequency domain influenced by the background ionosphere can be presented as (15), F denotes the Fourier transform, which can be efficiently evaluated via the fast Fourier transform (FFT). As mentioned in Sec. 2, the background ionospheric effects on the GEO SAR azimuth-imaging attribute vary with the STEC, which can be divided into three categories: temporal variations, spatial variations of the background ionosphere, and varying traversing-paths. In the subsequent sections, three dedicated analyses are presented.
The Effect of Temporal Variations of the Background Ionosphere
In this section, the background ionosphere is assumed to be spatially homogeneous and the scaling factor is assumed to be constant. We only discuss the effect of temporal variations of the background ionosphere. In general, the temporally varying STEC can be expanded with respect to the azimuth time as
where STEC 0 is the constant component, which has no effect on azimuth-imaging and can be ignored. STEC() is the residual component, and can also be neglected due to its much smaller value. Moreover, k 1 -k 3 are the first-order, second-order and third-order coefficients with units of TECU/s, TECU/s 2 and TECU/s 3 , respectively. Compared with LEO SAR, the integration time of GEO SAR is quite long, reaching 10 2 -10 3 seconds. Therefore, STEC cannot be constant within the integration time, and the azimuthimaging degradation resulting from the temporally varying STEC must be taken into account. Based on (14) , (15) 
It can be observed that k 1 , k 2 , k 3 will introduce linear phase error (LPE), quadratic phase error (QPE), cubic phase error (CPE) and fourth phase error (FPE). Here, the effect of FPE can be reasonably neglected due to its much smaller value. For azimuth-imaging, it is generally accepted that LPE could be able to result in imaging shift.
where v η is the ground velocity of the beam footprint. While, QPE might be able to broaden the main lobe and raise sidelobes, and CPE might be able to induce asymmetric sidelobes. Based on (17) and (18), the maximum value of QPE and CPE can be expressed as
where B η is the azimuth bandwidth. This means that the size of QPE and CPE depends on both the azimuth bandwidth and the change-rate of the temporally-varying background ionosphere. The azimuth-imaging deterioration is necessary to be considered when QPE exceeds π/4 or CPE exceeds π/8. It can be found from Fig. 3 that QPE and CPE exceed the threshold from time to time, which implies that the effect of temporal variation of the background ionosphere has to be considered in the GEO SAR azimuth-imaging. Moreover, based on the calculated result in Fig. 3 , we may find that:
 QPE and CPE peak at dawn and dusk. This means that the ionospheric turbulence may be severe at these time periods. The reason for this is that the measured TEC consists of both the background ionosphere and the ionospheric irregularities. In conclusion, the azimuth-imaging is susceptible to the temporally-varying background ionosphere and its distortion must be taken into account when the azimuth QPE and CPE exceed the reference value.
The Effect of Spatial Variations of the Background Ionosphere
Here, the background ionosphere is assumed to be temporally invariable and the scaling factor is assumed to be constant. We only consider the effect of spatial distributions of the background ionosphere. Generally, the spatially varying STEC can be expressed as
As mentioned above, the spatial variation of the background ionosphere mainly refers to the TEC gradient, which can be denoted as ΔTEC with the unit of TECU/km. Considering the result of the azimuth-imaging shift, another first-order coefficient of STEC is introduced into (16) as
where V iono is the velocity of the IPP and can also be calculated by
We can use the International Reference Ionosphere (IRI) model to obtain spatially varying TEC data by setting the altitude, the geographic location and the time [16] . The measured area is defined by the longitude ranging from 105.0°E to 114.0°E and by the latitude ranging from 14.0°N to 22.0°N. The measured time is set to be 17:00 UTC on December 15th, 2001. The altitude is chosen to be 400 km. Figure 4 shows the geometry characteristic between the nadir point trajectory of the satellite and spatial distributions of the vertical TEC. It is reasonably assumed that the STEC gradient is constant within a synthetic aperture because the IPT length is generally tens of kilometers. Considering that the IPT length is 18.7 km and the integration time is 600 s, we can obtain the azimuth shift along the nadir point track by using (19). It is shown in Fig. 5 that the spatial-variance of the TEC gradient results in the spatially varying azimuth shift with the movement of the platform, albeit constant within a synthetic aperture. To summarize this section, the spatially varying background ionosphere can introduce the TEC gradient, which causes the considerable azimuth-shift. Furthermore, the TEC gradient is considered to be constant within a synthetic aperture but spatially varying along the satellite track.
The Effect of Varying Propagation Paths
Because the altitude of the GEO SAR is much higher than the background ionosphere, R CP (), part of the slant range, rather than the entire length, leads to STEC varying with the azimuth time (see Fig. 1 ). In this section, the background ionosphere is assumed to be spatially and temporally homogeneous, and only the effect of varying propagation paths will be considered. Therefore, equation (5) can be simplified as
Considering the coordinate of the satellite and the target in each moment can be accurately obtained, the intersection coordinate between the straight line and the ionospheric layer can be calculated by solving equations; thus, we can obtain the distance of R CP (η) and the varying STEC. The STEC curves are presented in Fig. 6 with different incident angles and vertical TEC values, where the constant part of STEC is removed. We can also use the polynomial approximation method to obtain the additional k'' 1 -k'' 3 from Fig. 6 , which are summarized in Tab. 2. The magnitudes of k'' 1 and k'' 3 are so small that the azimuthshift caused by k'' 1 and CPE introduced by k'' 3 can be neglected.
Substituting k'' 2 for k 2 in (18), we can obtain the azimuth QPE by using (20 Tab. 2. Coefficients of the temporally varying STEC influenced by varying propagation paths. the different Doppler bandwidths, are provided in Fig. 7 , which shows that the azimuth-imaging will seriously worsen due to QPE as the vertical TEC, the incident angle and the Doppler bandwidth increase. We can only account for the effect of the second-order coefficient introduced by varying propagation paths.
We can only account for the effect of the secondorder coefficient introduced by varying propagation paths. In addition, the azimuth QPE is a composite result of the vertical TEC, the incident angle and the Doppler bandwidth.
Simulation Results
In this section, simulations will be conducted to verify the theoretical analysis, including both the effect on the range-imaging and azimuth-imaging. The simulation parameters are listed in Tab. 3. For temporal variations of the background ionosphere, the temporal-varying TEC, measured at 20°N, 110°E, on December 15, 2001 , are applied. In the simulation, the TEC values last for 600 s, i.e., from 17:00 to 17:10 UTC. Meanwhile, spatial variations of the background ionosphere are obtained from the above-mentioned IRI data. It should be noted that only the first-order coefficient of STEC should be considered when simulating the effect of the spatially varying background ionosphere. As discussed in Sec. 4.3, the effect of varying propagation paths has a concrete contribution to the second-order coefficient of STEC. Furthermore, STEC coefficients attributed to each factor are listed in Tab. 4. Based on these radar parameters and the background ionospheric data, simulation of the point target is conducted. In this simulation, the first-order coefficient of STEC is the addition of k 1 and k' 1 , the second-order coefficient of STEC is the addition of k 2 and k'' 2 , and the third-order coefficient of STEC is k 3 .
Simulation results of the point target are provided in Fig. 8 . It can be observed that the image shift in both the range and azimuth direction arises from the background ionosphere. In addition, the imaging is seriously deteriorated, exhibiting signs of defocusing and the loss of peak power. Compared with ideal imaging, Fig. 9 illustrates both the range and azimuth profiles. In an attempt to intuitively describe the performance of the image, some evaluation indexes of the range-imaging and azimuth-imaging influenced by the background ionosphere are summarized in Tab. 5. Tab. 4. STEC coefficients attributed to each factor. The deterioration of the range-imaging is serious, for the range QPE is more than 45 degrees; the deterioration mainly includes the broadening of the impulse response width, the increase of the peak side lobes ratio (PSLR) and the integrated side lobes ratio (ISLR). For the azimuthimaging, both QPE and CPE are above the reference values. This indicates that the azimuth-imaging worsens along with the asymmetric side lobes. In addition to the deterioration of the focusing performance, image shifts also arise both in the range and azimuth directions. It is worth mentioning that simulated shifts are consistent with theoretical values computed by (8) and (19).
Conclusions
The presence of the background ionosphere has an adverse impact on GEO SAR imaging. Considering the curved trajectory of GEO SAR, an accurate signal model influenced by the background ionosphere has been derived. The effects of STEC are divided into the constant and varying components, which distort the range and azimuth image, respectively. For GEO SAR range-imaging, the range shift can be significant, and the deterioration cannot be neglected when the background ionospheric range QPE is more than π/4. For azimuth-imaging, varying STEC results in varying phase errors and, consequently, leads to considerable deteriorations. It is shown that the variation of STEC is contributed by temporal-spatial variation of the background ionosphere and varying propagation paths. The temporal-varying background ionosphere plays a leading role in azimuth-imaging deteriorations. An additional azimuth shift can be caused by medium-scale TEC distributions, which are denoted as the TEC gradient variation. Furthermore, the effect of varying propagation paths could be able to result in defocusing. In the near future, the associated compensation method of background ionosphere effects in GEO SAR system should be studied.
